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Goal

Use the dynamics of the triangle map (a type of

multi-dimensional continued fraction algorithm) to create an

almost internal symmetry on the space of all partitions of a

given integer N .



Outline

1. Partitions

2. The Farey Tree, Farey map and its links to partitions

3. The Triangle Map and its link to partitions

4. Method to Generate Many New Partition Identities

5. Why the triangle map? Questions.

2 dimensional
case.

-motivation
·I



Partitions

p(n) is the number of ways of writing n as the sum of less than

or equal t positive integers (ordering not mattering).

p(7) = 15 since

7 6 + 1 5 + 2

5 + 1 + 1 4 + 3 4 + 2 + 1

4 + 1 + 1 + 1 3 + 3 + 1 3 + 2 + 2

3 + 2 + 1 + 1 3 + 1 + 1 + 1 + 1 2 + 2 + 2 + 1

2 + 2 + 1 + 1 + 1 2 + 1 + 1 + 1 + 1 + 1 1 + 1 + 1 + 1 + 1 + 1 + 1.

(7) (6, 1) (5, 2) (5, 12)
(4, 3) (4, 2, 1) (4, 13) (3

2, 1)
(3, 22) (3, 2, 12) (3, 14) (2

3, 1)
(2

2, 13) (2, 15) (1
7
).

Or

as



Partitions

(7) (6, 1) (5, 2) (5, 12)
(4, 3) (4, 2, 1) (4, 13) (3

2, 1)
(3, 22) (3, 2, 12) (3, 14) (2

3, 1)
(2

2, 13) (2, 15) (1
7
).

(7)⇥ [1] (6, 1)⇥ [1, 1] (5, 2)⇥ [1, 1] (5, 1)⇥ [1, 2]
(4, 3)⇥ [1, 1] (4, 2, 1)⇥ [1, 1, 1] (4, 1)⇥ [1, 3] (3, 1)⇥ [2, 1]
(3, 2)⇥ [1, 2] (3, 2, 1)⇥ [1, 1, 2] (3, 1)⇥ [1, 4] (2, 1)⇥ [3, 1]
(2, 1)⇥ [2, 3] (2, 1)⇥ [1, 5] (1)⇥ [7].

or as



Partitions

� = (�1, . . . ,�m)⇥ [k1, . . . , km] ` N

means

N = k1�1 + . . .+ km�m.

the multiplicities

the parts

=(K..ml)")
dimension
i



Partitions

There are many remarkable identities.

For example, Andrew and Eriksson’s Integer Paritions starts

with discussing Euler’s identity:

“Every number has as many integer partitions into odd parts as
into distinct parts.”

Rogers - Ramanujan

I

dentities



Partitions

Two Questions

1. How to find possible identities

2. How to prove them I
Goal:

Use a

onomical system to

generatemany new
identities.

the proofs will be actually
straightformor



Partitions

To a given partition

(�1, . . . ,�m)⇥ [k1, . . . , km]

we associate the Young shape, a diagram k1 + · · ·+ km rows

such that there are k1 rows with �1 squares on top of k2 rows

with �2 squares, and so on.



Partitions

For example, the Young shape for

(5, 3, 2)⇥ [3, 2, 1] ` 23

isofgrowsenzrows of h
③ boxes 3

more

row
of

↳ox



Partitions

Flip a Young shape, turning the rows into columns, to get the

conjugate partition
Flipping the Young shape of the partition (5, 3, 2)⇥ [3, 2, 1] ` 23

of the previous example gives us the Young shape

⇠C

which represents the conjugate partition

(5, 3, 2)⇥ [3, 2, 1] ⇠C (6, 5, 3)⇥ [2, 1, 21]



Partitions

(�1,�2)⇥ [k1, k2] ⇠C (k1 + k2, k1)⇥ [�2,�1 � �2]

and in general

(�1, . . . ,�m)⇥ [k1, . . . , km]

⇠C

(k1 + . . .+ km, k1 + . . .+ km�1, . . . , k1)
⇥

[�m,�m�1 � �m, . . . ,�1 � �2]



Farey Tree and Map

I Farey

I Yes Tree

↓ ↓↓ b3x 45 3/
4

xxx
xx X

↓Y

Every rational
number in 10.11

will eventually appear.



Farey Tree and Map 02X,

Eir(s)

Fill(itis



Farey Tree and Map Farey tie again

(2, 1)
X I (3,2)

(3,17

↓ 1

-
(sss14:1

(in,cel

↓ ↳
(,,+x2,x)(x, txe, x2)



Farey Tree and Map Inverse

If fx,xel- (x,ti,xe)

the inverse is

(e,, Me) ->(Mille,Me (

If (ixl -> (x,txe, xi)

the inverse is

(e.,Mel- (hiNel

↑



Farey Tree and Map

The inverse map

(�1,�2)

F0
�! (�2,�1 � �2) if �1 < 2�2
F1
�! (�1 � �2,�2) if �1 > 2�2

Via matrices

F0

✓
�1

�2

◆
=

✓
0 1

1 �1

◆✓
�1

�2

◆
=

✓
�2

�1 � �2

◆

F1

✓
�1

�2

◆
=

✓
1 �1

0 1

◆✓
�1 � �2

�2

◆
=

✓
�2

�1 � �2

◆



Farey Tree and Map

This gives us paths:

(7, 4)
F0
�! (4, 3)

F0
�! (3, 1)

F1
�! (2, 1).

How to get partitions:

(7, 4)⇥ [k1, k2]
F̃0
�! (4, 3)⇥ [k1 + k2, k1]

F̃0
�! (3, 1)⇥ [2k1 + k2, k1 + k2]

F̃1
�! (2, 1)⇥ [2k1 + k2, 3k1 + 2k2]

All partition the same number

7 k, + 4k2



Farey Tree and Map

The extended Farey map:

(�1,�2)⇥[k1, k2]
F̃0
�! (�2,�1 � �2)⇥ [k1 + k2, k1] if �1 < 2�2

F̃1
�! (�1 � �2,�2)⇥ [k1, k1 + k2] if �1 > 2�2

In dynamics, this is called the

natural extension



Farey Tree and Map

Via matrices

F̃0

0

BB@

�1

�2

k1
k2

1

CCA =

✓
F0 0

0 (F�1
0 )

T

◆
0

BB@

�1

�2

k1
k2

1

CCA

=

0

BB@

0 1 0 0

1 �1 0 0

0 0 1 1

0 0 1 0

1

CCA

0

BB@

�1

�2

k1
k2

1

CCA

=

0

BB@

�2

�1 � �2

k1 + k2
k1

1

CCA

D
↳ must have

entries 3,0,

or multiplicities could
become negative



Farey Tree and Map

F̃1

0

BB@

�1

�2

k1
k2

1

CCA =

✓
F1 0

0 (F�1
1 )

T

◆
0

BB@

�1

�2

k1
k2

1

CCA

=

0

BB@

1 �1 0 0

0 1 0 0

0 0 1 0

0 0 1 1

1

CCA

0

BB@

�1

�2

k1
k2

1

CCA

=

0

BB@

�1 � �2

�2

k1
k1 + k2

1

CCA

O
must
have

entries 7,0



Farey Tree and Map

Paths:

(19, 8)⇥ [1, 0]
F̃1
�! (11, 8)⇥ [1, 1]

F̃0
�! (8, 3)⇥ [2, 1]

F̃1
�! (5, 3)⇥ [2, 3]

F̃0
�! (3, 2)⇥ [5, 2]

F̃0
�! (2, 1)⇥ [7, 5]

-

All are partitions
of 19.



Farey Tree and Map

Respects conjugation:

The diagram

(�1,�2)⇥ [k1, k2] ⇠C (k1 + k2, k1)⇥ [�2,�1 � �2]

F̃0 # " F̃0

(�2,�1 � �2)⇥ [k1 + k2, k1] ⇠C (2k1 + k2, k1 + k2)⇥

[�1 � �2, 2�2 � �1]

when �2 � �1 � �2, and the diagram

(�1,�2)⇥ [k1, k2] ⇠C (k1 + k2, k1)⇥ [�2,�1 � �2]

F̃1 # " F̃1

(�1 � �2,�2)⇥ [k1, k1 + k2] ⇠C (2k1 + k2, k1)⇥ [�2,�1 � 2�2]

when �2  �1 � �2, are both commutative.

seems tobe important
-

Rarek happens enticton



Farey Tree and Map

Theorem

Let n � 2 be an integer. Every partition of n can be obtained
from the dynamics of the extended Farey map F̃ .

Theorem

Let n � 2 be an integer.

p(2, n) =
1

2

n�1X

r=1

⇣
depth

⇣ r

n

⌘
� 1

⌘
�0((r, n)).

(Di↵erent from Kim (2012).)

# of divisors
of

150(rin)
I
writ. Forestrie

/Quite differnt



The Triangle Map

A dynamical system on simplices.

Earlier work

(TG) (2001)

S. Assaf, L. Chen, T. Cheslack-Postava, B. Cooper, A. Diesl,

TG, M. Lepinski and A. Schuyler (2005)

A. Messaoudi, A. Nogueira, and F. Schweiger (2009)

V. Berthé, W. Steiner and J. Thuswaldner (2021)

Fougeron and A. Skripchenko (2021)

C.Bonanno, A. Del Vigna and S. Munday (2021)

C. Bonanno and A. Del Vigna (2021)

H. Ito (2023)

Lumber-there
iEpapers



The Triangle Map

Roots of Multi-dimensional Continued Fractions:

1. Generalize the fact that a number has an eventually

periodic continued fraction expansion if and only if it is a

quadratic irrational.

2. Finding best Diophantine approximations of n-tuples of
reals by n-tuples of rationals

3. As a rich source of dynamical systems, starting with Gauss

on continued fractions all the way to the current work on

interval exchange maps.

~Many



The Triangle Map Forey ma as iterating
system

I, I-o
F:10,11- 10,11 #i0
Fix-(

"

c or

(1,x) -
(X,rx), "x4

- (1-x,x),0<X)
Iterate to get continued fraction expension



The Triangle Map

Set

4 := {(x1, . . . , xn) 2 Rn
: 1 > x1 > · · · > xn > 0}

40 := {x1, . . . , xn) 2 4 : x1 + xn > 1}

41 := {x1, . . . , xn) 2 4 : x1 + xn > 1}

4D := {x1, . . . , xn) 2 4 : x1 + xn = 1}

When n = 2, we have

40

41

(0, 0) (1, 0)

(1, 1)

(
1
2 ,

1
2)

it in dynamis
often
ignored, as

is a set of

measure
0.



The Triangle Map

The slow-Triangle map T : 40 [41 ! 4 is

T (x1, . . . , xn) =

⇢
T0(x1, . . . , xn), if x1 + xn > 1

T1(x1, . . . , xn), if x1 + xn < 1

=

8
<

:

⇣
x2
x1
, . . . , xn

x1
, 1�x1

x1

⌘
, if x1 + xn > 1

⇣
x1

1�xn
, . . . , xn

1�xn

⌘
, if x1 + xn < 1

Clear denomictrs

(Pass toprojective spacel



The Triangle Map

4 := {(x0, . . . , xn) 2 Rn+1
: x0 > x1 > · · · > xn > 0}

40 := {(x0, . . . , xn) 2 4 : x1 + xn > x0}

41 := {(x0, . . . , xn) 2 4 : x1 + xn < x0}

4D := {(x0, . . . , xn) 2 4 : x1 + xn = x0}

and define the slow-Triangle map T : 40 [41 ! 4 by

T (x0, . . . , xn) =

⇢
T0(x0, . . . , xn), if x1 + xn > x0
T1(x0, . . . , xn), if x1 + xn < x0

=

⇢
(x1, x2, . . . , xn, x0 � x1), if x1 + xn > x0
(x0 � xn, x1, x2, . . . , xn), if x1 + xn < x0



The Triangle Map

17,4,21 (6,4,2) since 73441

17,5,41 E(5,4,2), since
7 75+y



The Triangle Map

T

0

BBB@

x0
x1
.
.
.

xn

1

CCCA
=

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

T0

0

BBB@

x0
x1
.
.
.

xn

1

CCCA
, if x1 + xn > x0

T1

0

BBB@

x0
x1
.
.
.

xn

1

CCCA
, if x1 + xn < x0



The Triangle Map

where

T0 =

0

BBBBB@

0 1 0 · · · 0

0 0 1 · · · 0

.

.

.

0 0 0 · · · 1

1 �1 0 · · · 0

1

CCCCCA
and T1 =

0

BBB@

1 0 0 · · · 0 �1

0 1 0 · · · 0 0

.

.

.

0 0 0 · · · 0 1

1

CCCA

Thus for n = 2, we have

T0 =

0

@
0 1 0

0 0 1

1 �1 0

1

A and T1 =

0

@
1 0 �1

0 1 0

0 0 1

1

A



The Triangle Map

T�1
0 =

0

BBBBBBB@

1 0 0 · · · 0 1

1 0 0 · · · 0 0

0 1 0 · · · 0 0

0 0 1 · · · 0 0

.

.

.

0 0 0 · · · 1 0

1

CCCCCCCA

and T�1
1 =

0

BBB@

1 0 0 · · · 0 1

0 1 0 · · · 0 0

.

.

.

0 0 0 · · · 0 1

1

CCCA

-
All entrins 40.

Thiswill be

important



The Triangle Map

The extended slow-Triangle map T̃ will act on

(�1, . . . ,�m)⇥ [k1, . . . , km]

as the action of two 2m⇥ 2m matrices on column vectors in

R2m
, with the matrices

✓
T0 0

0 (T�1
0 )

>

◆
,

✓
T1 0

0 (T�1
1 )

>

◆
.

-(i)
-,=
non zero entries



The Triangle Map

(�1, . . . ,�m)⇥ [k1, . . . , km]

T̃0 #

(�2,�3 . . . ,�m,�1 � �2)⇥ [k1 + k2, k3, . . . , km, k1]

if �2 + �m > �1 and

(�1, . . . ,�m)⇥ [k1, . . . , km]

T̃1 #

(�1 � �m,�2 . . . ,�m, )⇥ [k1, . . . , km�1, k1 + km]

if �2 + �m < �1



The Triangle Map

(14, 7, 6, 5)⇥ [1, 0, 0, 0]
T̃1
�! (9, 7, 6, 5)⇥ [1, 0, 0, 1]

T̃0
�! (7, 6, 5, 2)⇥ [1, 0, 1, 1]

T̃0
�! (6, 5, 2, 1)⇥ [1, 1, 1, 1]

Apath

↑

as 6 =5+1

(x=x+xy)

must, for now, stop



The Triangle Map

Respects conjugation:

Theorem

The diagram

(�̄)⇥ [k̄] ⇠C T̃0((µ̄)⇥ [l̄])

T̃0 # " T̃0

T̃0((�̄⇥ [k̄])) ⇠C (µ̄)⇥ [l̄]

when �2 + �m > n1 and

(�̄)⇥ [k̄] ⇠C T̃01((µ̄)⇥ [l̄])

T̃1 # " T̃1

T̃1((�̄⇥ [k̄])) ⇠C (µ̄)⇥ [l̄]

when �2 + �m < �1 are both commutative.

↳ Again, rarek hoppers
for other multidimensiona

continus

fractions



The Triangle Map

What if

�1 = �2 + �m

(�1, . . . ,�m)⇥ [k1, . . . , km]

T̃D #

(�2,�3 . . . ,�m)⇥ [k1 + k2, k3, . . . , k1 + km]

dir

-
dim m- 1 Drop dimension



The Triangle Map I actually quite natural
(3,2,1) x (4,3,5) *13,2,1)

(3,2,1) in both do and

A,
4
x(2.1.11 x (7,5,43-concatuate

(3,2,11x (4,3,5-- (2,11 x [7,9]
p

F. Y
(2,2,11 x(4,3,9)- concatenate



The Triangle Map

(14, 7, 6, 5)
T̃1
�! (9, 7, 6, 5)⇥ [1, 0, 0, 1]

T̃0
�! (7, 6, 5, 2)⇥ [1, 0, 1, 1]

T̃0
�! (6, 5, 2, 1)⇥ [1, 1, 1, 1]

T̃D
��! (5, 2, 1)⇥ [2, 1, 2]

T̃1
�! (4, 2, 1)⇥ [2, 1, 4]

T̃1
�! (3, 2, 1)⇥ [2, 1, 6]

T̃D
��! (2, 1)⇥ [3, 8]

-
~ Before

Stoppel
here



New Partition Identities

P(N) = all partitions of N .

4 := {(x0, . . . , xn) 2 Rn+1
: x0 > x1 > xn > 0}

40 := {(x0, . . . , xn) 2 4 : x1 + xn > x0}

41 := {(x0, . . . , xn) 2 4 : x1 + xn < x0}

4D := {(x0, . . . , xn) 2 4 : x1 + xn = x0}



New Partition Identities

T̃0 is one-to one on P(N) \40.

T̃1 is one-to one on P(N) \41.

T̃D is not one-to one on P(N) \4D.



New Partition Identities

Idea:

1. Start with an interesting subset of P(N)

2. Apply T̃

3. Count image



New Partition Identities

Theorem

Every number has as many integer partitions into partitions
with �1 < �2 + �m as into partitions with k1 > km. Similarly,
every number has as many integer partitions into partitions
with �1 > �2 + �m as into partitions with k1 < km.



New Partition Identities

(4, 3)⇥ [1, 1]
T̃0
�! (3, 1)⇥ [2, 1]

(3, 2)⇥ [1, 2]
T̃0
�! (2, 1)⇥ [3, 1]

and

(6, 1)⇥ [1, 1]
T̃1
�! (5, 1)⇥ [1, 2]

(5, 2)⇥ [1, 1]
T̃1
�! (3, 2)⇥ [1, 2]

(5, 1)⇥ [1, 2]
T̃1
�! (4, 1)⇥ [1, 3]

(4, 2, 1)⇥ [1, 1, 1]
T̃1
�! (3, 2, 1)⇥ [1, 1, 2]

(4, 1)⇥ [1, 3]
T̃1
�! (3, 1)⇥ [1, 4]

(3, 1)⇥ [2, 1]
T̃1
�! (2, 1)⇥ [2, 3]

(3, 1)⇥ [1, 4]
T̃1
�! (2, 1)⇥ [1, 5]

↑ Liztim -
KiLkm

cil E
it
bettm

~kikm

lor, for E
m
=2,

xx2xz)



New Partition Identities

With

O = {(�1, . . . ,�m)⇥ [k1, . . . , km] : �i odd}

F0 = {(�1, . . . ,�m)⇥ [k1, . . . , km] : �m even,

�i odd if i < m, k1 > km}

F1 = {(�1, . . . ,�m)⇥ [k1, . . . , km] : �1 even,

�i odd if i > 1, k1 < km}

then

pO(N) = (number of odd factors of N) + pF0(N) + pF1(N).



New Partition Identities

O = {(7)⇥ [1], (5, 1)⇥ [1, 2], (3, 1)⇥ [2, 1], (3, 1)⇥ [1, 4], (1)⇥ [7]}.

F0 = ;

F1 = {(4, 1)⇥ [1, 3], (2, 1)⇥ [2, 3], (2, 1)⇥ [1, 5]}.

pO(7) = (number of odd factors of 7) + pF0(7) + pF1(7)

5 = 2 + 0 + 3



New Partition Identities

For all m, we have �1 > · · · , > �m > 0 and ki > 0 for

i = 1, . . . ,m.

sets dim = 2 dim � 3

40 2�2 > �1 �2 + �m > �1

41 2�2 < �1 �2 + �m < �1

4D 2�2 = �1 �2 + �m = �1

400 2�2 > �1, 2�1 > 3�2 �2 + �m > �1, 2�2 < �1 + �3

401 2�2 > �1, 2�1 < 3�2 �2 + �m > �1, 2�2 > �1 + �3

410 2�2 < �1, 3�2 > �1 �2 + �m < �1,�2 + 2�m > �1

411 3�2 < �1 �2 + 2�m < �1

· Some ofthe many sets

upon
which we found new

partition identities



New Partition Identities

M0 = T0(40) k1 > k2 k1 > km
M1 = T1(41) k1 < k2 k1 < km

T0(400) 2�2 > �1, k1 > k2 �2 + �m > �1, k1 > km
T0(401) 2�2 < �1, k1 > k2 �2 + �m < �1, k1 > km
T1(410) 2�2 > �1, k1 < k2 �2 + �m > �1, k1 < km
T1(411) 2�2 < �1, k1 < k2 �2 + �m < �1, k1 < km

T0(T0(400)) 2k2 > k1 > k2 k1 > km > km�1

T1(T0(401)) 2k1 > k2 > k1 2k1 > km > k1
T0(T1(410)) 2k2 < k1 k1 > km, km�1 > km
T1(T1(411)) 2k1 < k2 km > 2k1



New Partition Identities

D k1 = k2 = 1 k1 = . . . = km = 1

E0 k1 = 2, k2 = 1 k1 = 2, k2 . . . = km = 1

E1 k1 = 1, k2 = 2 k1 . . . = km�1, km = 2

ED k1 = 2, k2 = 2 k1 = 2, k2 . . . = km�1, km = 2

O �1,�2 odd �i odd, i = 1, . . . ,m
F0 �1 odd,�2 even �i odd i = 1 . . . ,m� 1,�2 even

F1 �1 even,�2 odd �1 even,�i odd i = 2 . . . ,m



Questions

There are many di↵erent multi-dimensional continued fraction

algorithms.

Why use the triangle map?



Questions

Most multi-dimensional continued fraction algorithms seem to

be not “partition friendly”.

For example, for both Mönkemeyer and Cassaigne, the

multiplicities k start becoming negative numbers.

M]



Questions

Recently Matthew Phang has shown that the Selmer and the

Brun algorithms are partition friendly

Neither respect conjugation of the Young shape.

Neither do the other few examples that are partition friendly

l



Questions

Can that the triangle map is both partition friendly and Young

conjugation compatible be used to understand its dynamics?

Thanks

Theextended triangle map

isthe natural extension of

the slow triangle map. Does this

tell us anything?


