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Goal

Use the dynamics of the triangle map (a type of
multi-dimensional continued fraction algorithm) to create an
almost internal symmetry on the space of all partitions of a
given integer N.
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Partitions

The Farey Tree, Farey map and its links to partiti(.)@
The Triangle Map and its link to partitions

Method to Generate Many New Partition Identities
Why the triangle map? Questions.



Partitions

p(n) is the number of ways of writing n as the sum of less than
or equal t positive integers (ordering not mattering).
p(7) = 15 since

7 6+1 5+2
54141 4+3 44241
44+1+1+1 3+3+1 34242
3+2+1+1 34+1+14+141 24+2+2+1
242+14+1+1 24+14+14+1+1+1 14+1+1+1+14+1+1.
0/ @ sy 62 617
5 (4,3)  (4,2,1) (4,13) (32,1)
(3,22)  (3,2,1%) (3,1%) (23,1)
(22,1%)  (2,1%)  (17).
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Partitions

There are many remarkable identities.

For example, Andrew and Eriksson’s Integer Paritions starts
with discussing Euler’s identity:

“Fvery number has as many integer partitions into odd parts as
into distinct parts.”
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Partitions

Two Questions
1. How to find possible identities Gﬁm/ :
2. How to prove them Use Q
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Partitions

To a given partition
(Al,...,)\m) X [kl,...,km]

we associate the Young shape, a diagram ki + - - - + k,;, rows
such that there are k1 rows with A1 squares on top of kg rows
with Ay squares, and so on.



Partitions

For example, the Young shape for

1]+ 23
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Partitions

Flip a Young shape, turning the rows into columns, to get the
conjugate partition

Flipping the Young shape of the partition (5,3,2) x [3,2,1] F 23
of the previous example gives us the Young shape

~C

which represents the conjugate partition

(5,3,2) x [3,2,1] ~¢ (6,5,3) x [2,1,21]



Partitions

(A1, A2) X [k1, ko] ~c (k1 + k2, k1) X [A2, A1 — A2

and in general

(Al,...,)\m) X [kl,...,k‘m]
~C
(kl—I—...—l-k‘m,k‘l—G—...—l-km,l,...,k‘l)
X
Ay Am—1 — Amy -« -y A1 — A2
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Farey Tree and Map Toveese
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Farey Tree and Map

The inverse map

(o h =) A< 20

()\17)\2) F i
(M=o do) i A > 2%



Farey Tree and Map

This gives us paths:

(7,4) =

How to get partitions:

(7, 4) X [kl, kg]

% (4,3) 2 3,1) & (2,1).
Fo

= (4,3) x [k1 + k2, k1]

2o (3,1) x [2ky + ko, Ky + ko]
B (2,1) x 2k + ko, 3k + 23

/4)’[/ ng-l—;'}»‘m\ Fh sare Nty
Tkt 4 ky



Farey Tree and Map

The extended Farey map:

Fo .
— (Ao, A = Ag) x [k + kg, k] if A <2
(A1, A2) x[k1, k2] P (A2, A1 — A2) x [k1 + ko, k1] if Ay 5

5 (M= A2, Xa) X [kr b + ko] if A > 2X
If\ Jyﬂqmcsj 4//;/'3 S CO//"‘[ fhe
naﬁm/ exPasion)



Farey Tree and Map

Via matrices

M >\1
£ A2 _ ( Fy 0 ) Ao
0 kl 0 (F(;l)T kl
ko kQ
0 1 00 M\
_ 1 -1 0 O Ao
o o 171 oy
0 0|1 0 ke
A \ )
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Farey Tree and Map
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Farey Tree and Map

Paths:

(11,8) x [1,1]
o, (8,3) x [2,1]
By (5,3) x [2,3]
o, (3,2) x [5,2]
To, (2,1) x [7,5]
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Farey Tree and Map

Respects conjugation: §((’/”S 7[" 4" IW
The diagram N — 1 YD
¢ P@/?/’7 )’\A/MP/’% (Wag/ﬂﬂ%‘“\
(A1, A2) X [k1, ko] ~c (k1 + ko, k1) x [Xo, A1 — Ag]
Fy | T Fo
(A2, A1 = A2) x [k + ko, k1] ~c  (2k1 + ko, k1 + ko) x
[A1 = A2,2X0 — Aq]

when Ay > A1 — A2, and the diagram

(A1, A2) X [k1, ko] ~c (k1 + k2, k1) x [A2, A1 — A2
Pl T
()\1 — g, )\2) X [k‘l, k1 + kz] ~c (2k‘1 + ko, kl) X [)\2, A1 — 2)\2]

when Ay < A\{ — A9, are both commutative.



Farey Tree and Map

Theorem
Let n > 2 be an integer. Every partition of n can be obtained
from the dynamics of the extended Farey map F.

Theorem # 07L Ql LS 5(
Let n > 2 be an integer. 6(0/()",/1)

n—1

p(2,n) = %Z (depth (%) - 1) oo((r,n)).

r=1 D —

{

(Different from Kim (2012).) \A[f‘JL‘ ']:ar(—) Fore
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The Triangle Map }/uwbr/—4hc0/fcl7(
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A dynamical system on simplices.
Earlier work
2001)
S. Assaf, L. Chen, T. Cheslack-Postava, B. Cooper, A. Diesl,
TG, M. Lepinski and A. Schuyler (2005)

A. Messaoudi, A" Nogueira, and F. Schweiger (2009

V. Berthé, W. Steiner and J. Thuswaldner (2021)
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Fougeron and A. Skripchenko (2021)

C.Bonanno, A. Del Vigna and S. Munday (2021)

C. Bonanno and A. Del Vigna (2021)

H. Ito (2023)



The Triangle Map

a Ma ny
Roots of Multi-dimensional Continued Fractions:
1. Generalize the fact that a number has an eventually

periodic continued fraction expansion if and only if it is a
quadratic irrational.

2. Finding best Diophantine approximations of n-tuples of
reals by n-tuples of rationals

3. As a rich source of dynamical systems, starting with Gauss
on continued fractions all the way to the current work on
interval exchange maps.
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The Triangle Map

Set

A
VAN
AN}

Ap

When n = 2, we have

{(1’1,. ..
{.731, oo
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The Triangle Map

The slow-Triangle map 7' : Ag U Ay — A'is

T({ZI T ) — T0($1,...,xn), 1f$1+1‘n >1

1y-++9Tn - Tl(Ila”'vxn)? if331+$n<1
<%7"'7ﬁ171;f1)7 1f$1+wn>1
<1fiin7---alf’;n), ifog +a, <1
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The Triangle Map

A = {(1‘0,...,xn)€Rn+1:x0>1‘1>"'>xn>0}
Ny = {(xo,...,zn) €Az + 3y > 20}
N1 = {(xgy. . xn) EA 1y < o}
Ap = {(xo,...,xn) €A x4+ 25 =120}

and define the slow-Triangle map T : Ag U A1 — A by

T(zg,...,xy) = {T0($07""xn)7 if &1 +xn > 20

Ty (z0,...,xy), ifx1+x, <z
_ (x1, 22, ..., T, 20 — 1), if 21+ 25 > 20
(xo — T, T1, T2, ..., Tpn), if x1+ x4 <9



The Triangle Map
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The Triangle Map

where
0 1 0 0
0 1 0
Ty = and 711 =
o o0 o0 --- 1
1 -1.0 --- 0

Thus for n = 2, we have

1
0
-1

Ty =

= o O
O = O
Q
=
[N
=3
Il



The Triangle Map
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The Triangle Map

/\\
The extended slow-Triangle map T will act on >;/_W‘
]

Ay Am) X Kty km] © )C

as the action of two 2m x 2m matrices on column Vvectors in
R?™ with the matrices
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The Triangle Map

(/\1,...,)\m)~>< [kl,...,k‘m]

To |
(A27)\3---7>\m7>\1_)\2) X [k1+k27k37~-7km7k1]

if Ao + A\, > A1 and
(/\1,...,)\m)~>< [kl,...,k‘m]
Ty |
(A1 = Ay A2 Ay ) X [y ke, By kg
if Ao+ < N\t



The Triangle Map
/4 WaﬂLL\

(14,7,6,5) x [1,0,0,0] % (9,7,6,5) x [1,0,0,1]
o (7,6,5,2) x [1,0,1,1]

o, (6,5,2,1) x [1,1,1,1]
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The Triangle Map

Respects conjugation:

E‘Zﬁoﬁﬁum N %JSM;/\, [Uf(’/’) }’\0/}?”9
'@/ 01[/)(’/ )’YMH—\' o/f\/hmgf;n./
A) x [k] ~c To((p) x [1) Cu/ﬂ')/]uf?(

T | + Ty 7/73
RO X)) ~ ()11 frochss

when Ao + Ay, > nq and

(N) x [k] ~c Tol((m) x [1])
Ty T_ﬂ
T (A% [k]) ~c () x[]

when Ay + Ay, < A1 are both commutative.



The Triangle Map

What if
. AL = Ay + A
A(/V\ W\_\)
(/\1,...,)\m2>< [kl,...,k‘m]
Tp |
()\27)\3-'-7)\771) X [k1+k2,k3,...,k1—|—km]
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The Triangle Map ﬂ%
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The Triangle Map

(14,7,6,5)

l@* = = F‘ S

9,7,6,5) x [1,0,0,1]
7,6,5,2) x [1,0,1,1]
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New Partition Identities

P(N) = all partitions of N.
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New Partition Identities

Tp is one-to one on P(N) N Ayg.
T} is one-to one on P(N) N A;.

Tp is not one-to one on P(N) N Ap.



New Partition Identities

Idea:
1. Start with an interesting subset of P(NV)
2. Apply T

3. Count image



New Partition Identities

Theorem

Every number has as many integer partitions into partitions
with A1 < Ao + Ay as into partitions with ki > kn,. Similarly,
every number has as many integer partitions into partitions
with A1 > Ao + A\, as into partitions with k1 < ky,.



New Partition Identities

(2,1) x [3,1]
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New Partition Identities

With
0O = {(Al,...,)\m)x[k:l,...,km]:)\iodd}
Fo = {(A15Am) X [k1, . k] @ Ay even,
Aioddifi < m, kg > km}
Fio= {()\17---7)\m)><[kl,--.,km]:/\leven,
/\ioddifi>1,k‘1<k‘m}
then

po(N) = (number of odd factors of N) + pr,(N) + pr, (N).



New Partition Identities

O ={(7)x[1],(5,1) x [1,2], (3,1) x [2, 1], (3,1) x [, 4], (1) x [7]}.

Fo=10
Fir={(4,1) x[1,3],(2,1) x [2,3],(2,1) x [1,5]}.

po(7) = (number of odd factors of 7) + px, (7) + pr, (7)
5 = 24043



New Partition Identities

Copp 5 e My sefs

For all m, we have \; > --- ,> A, > 0 and k; > 0 for
z:l,...,m.u/,o/‘ WL\rE&\ e 7[00”,“/ e

Port Ho ra/mv"\ 2@

sets dim = 2

No 200 >\ Ao + Am > A1
yaN1 2X0 < M1 Ao+ Am < A1
Ap 20X = M1 Ao+ A =\

Noo | 2A2 > A1,201 > 33X | Ao+ A > A, 200 < A1+ A
Aot | 2A2 > A1,201 < 3Ag | Ao+ A > A, 200 > A+ A
AN1g | 220 < A1,302 > A1 | Ao+ A < A, Ao+ 20, > M
AH 3 <\ Ao + 2)\m <M\




New Partition Identities

MO = To(Ao) k1 > ko k1 > km

M1 = Tl(Al) k’l < k‘g kl < km

To(AO()) 200 > AL k1 > ko | Ao+ A > AL kL >k

To(A()l) 200 < AL k1 > ko | Ao+ A < A kL >k

Tl(Aw) 2)\2>>\1,]€1 <k32 )\2+)\m>)\1,k‘1 <k‘m

Tl(AH) 200 < AL k1 < ko | do4+ A < ALk < ki

To(To(Aoo)) 2ko > k1 > ko k1> kp > ko1
Tl(To(Am)) 2k1 > ko > k1 2k1 > ky, > Kk
T()(Tl(Alo)) 2ko < k1 k1 > km,km_l > km
Tl(Tl(AH)) 2k < ko km > 2kq




New Partition Identities

D ki=ko=1 kk=...=k,=1

E | ki=2ke=1 k1=2ky...=k,=1

E1 | ki=1,ky =2 ki...=km_1,km =2

Ep| F1=2,ko=2 | k1 =2,ko... =km_1,kmn =2
O A1, Ao odd Nodd,i=1,...,m

Fo | Ayodd, A even | \;oddi=1...,m— 1,y even
F1 | A1 even, Ay odd Areven,\;oddi=2...,m




Questions

There are many different multi-dimensional continued fraction
algorithms.

Why use the triangle map?



Questions
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Most multi-dimensional continued fraction algorithms seem to
be not “partition friendly”.

For example, for both Ménkemeyer and Cassaigne, the
multiplicities k start becoming negative numbers.
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Recently Matthew Phang has shown that the Selmer and the
Brun algorithms are partition friendly

Questions j

Neither respect conjugation of the Young shape.

Neither do the other few examples that are partition friendly



Questions

ﬂ\aﬂ/fj

Can that the triangle map is both partition friendly and Young
conjugation compatible be used to understand its dynamics?

The  extended Foiomle oy
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